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Abstract
The higher rank analogue of the XXZ model with a boundary is considered on the basis of the
vertex operator approach. We derive difference equations of the quantum Knizhnik-Zamolodchikov
type for 2N-point correlations of the model. We present infinite product formulae of two point
functions with free boundary condition by solving those difference equations with N = 1.
1 Introduction
Representation theory of the affine quantum group plays an important role in the description of solvable
lattice models and massive integrable quantum field theories in two dimentions [1, 2, 3]. For models
with the affine quantum group symmetry the difference analogue of the Knizhnik-Zamolodchikov equa-
tions (quantum Knizhnik-Zamolodchikov equations) are satisfied by both correlation functions and form
factors [1, 4, 5].
Integrable models with boundary reflection have been also studied in lattice models and massive
quantum theories. The boundary interaction is specfied by the reflection matrix K for lattice models
[6], and by the boundary S-matrix for massive quantum theories [7]. It is shown in [8] that the space
of states of the boundary XXZ model can be described in terms of vertex operators associated with
the bulk XXZ model [3]. The explicit bosonic formulae of the boundary vacuum of the boundary XXZ
model were obtained by using the bosonization of the vertex operators [8]. This approach is also relevant
for other various models [9, 10, 11, 12, 13].
It is shown in [14] that correlation functions and form factors in semi-infinite XXZ/XYZ spin
chains with integrable boundary conditions satisfy the boundary analogue of the quantum Knizhnik-
Zamolodchikov equation. In this paper we establish the similar results for the Uq(ŝln) -analogue of XXZ
1
spin chain with a boundary magnetic field h:
HB =
∞∑
k=1
q
n−1∑
a,b=0
a>b
e(k+1)aa e
(k)
bb + q
−1
n−1∑
a,b=0
a<b
e(k+1)aa e
(k)
bb −
n−1∑
a,b=0
a6=b
e
(k+1)
ab e
(k)
ba
 (1.1)
+
1− q2
2q
{
L−1∑
a=0
e(1)aa −
n−1∑
a=M
e(1)aa
}
+ h
M−1∑
a=L
e(1)aa ,
where −1 < q < 0 and 0 ≦ L ≦ M ≦ n − 1. On the basis of the boundary vacuum states constructed
in [11] we derive the boundary analogue of the quantum Knizhnik-Zamolodchikov equations for the
correlation functions in the higher rank XXZ model with a boundary. We also obtain the two point
functions by solving the simplest difference equations for free boundary condition.
The rest of this paper is organized as follows. In section 2 we review the vertex operator approach for
the higher rank XXZ model with a boundary. In section 3 we derive the boundary quantum Knizhnik-
Zamolodchikov equations for the 2N -point correlation functions. In section 4 we obtain the two point
functions by solving the difference equation with N = 1 for free boundary condition. In Appendix A
we summarize the results of the bosonization of the vertex operators in Uq(ŝln) [15]. In Appendix B we
summarize the bosonic formulae of the boundary vacuum states [11].
2 Formulation
The higher rank XXZ model with boundary reflection was formulated in [11] in terms of the vertex
operators of the quantum affine group Uq(ŝln). For readers’ convenience let us briefly review the results
in [11].
Throughout this paper we fix n ∈ N≧2, and also fix q such that −1 < q < 0. The model is labeled by
the three parameters i, L,M such that 0 ≦ L ≦ M ≦ n− 1 and i ∈ {L,M}. In this paper we consider
the following three cases:
(C1) 0 ≦ L =M = i ≦ n− 1,
(C2) 0 ≦ L = i < M ≦ n− 1,
(C3) 0 ≦ L < M = i ≦ n− 1.
In what follows we denote the q-integer (qk − q−k)/(q − q−1) by [k], and we use the following simbols:
b(z) =
q − q−1z
1− z
, c(z) =
q − q−1
1− z
. (2.1)
The nonzero entries of the R-matrix R(i)V V (z) are given by
R(i)V V (z)k1,k2j1,j2 = r
(i)V V (z)×

1, j1 = j2 = k1 = k2
b(q2z), j1 = k1 6= j2 = k2,
−qc(q2z), j1 = k2 < j2 = k1,
−qzc(q2z), j1 = k2 > j2 = k1.
(2.2)
Here the scalar functions are
r(i)V V (z) = z−δi,0
(q2z−1; q2n)∞(q
2nz; q2n)∞
(q2z; q2n)∞(q2nz−1; q2n)∞
, (2.3)
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where
(z; p1, · · · , pm)∞ =
∞∏
k1,··· ,km=0
(1− zpk11 · · · p
km
m ).
The boundary K-matrix K(i)(z) is a diagonal matrix, whose diagonal elements are given by
K(i)(z)jj =
ϕ(i)(z)
ϕ(i)(1/z)
×

z2, 0 ≦ j ≦ L− 1,
1− rz
1− r/z
, L ≦ j ≦M − 1,
1, M ≦ j ≦ n− 1,
(2.4)
where we have set
ϕ(i)(z) = zδi,0−1
(q2n+2z2; q4n)∞
(q4nz2; q4n)∞
×

1, for (C1),
(rq2nz; q2n)∞
(rq2n−2M+2Lz; q2n)∞
, for (C2),
(r−1z; q2n)∞
(r−1q2M−2Lz; q2n)∞
, for (C3).
(2.5)
They satisfy the boundary Yang-Baxter equation:
K
(i)
2 (z2)R
(i)
21 (z1z2)K
(i)
1 (z1)R
(i)
12 (z1/z2) = R
(i)
21 (z1/z2)K
(i)
1 (z1)R
(i)
12 (z1z2)K
(i)
2 (z2). (2.6)
Let V = Cv0 ⊕ · · · ⊕ Cvn−1 be the basic representation of Uq(sln), and let Vz be the evaluation
representation of Uq(ŝln) in the homogeneous picture. Let V (Λi) be the irreducible highest weight
module with the level 1 highest weight Λi (i = 0, · · · , n − 1). The type-I vertex operator Φ
(i,i+1)(z) is
an intertwining operator of Uq(ŝln) defined by
Φ(i,i+1)(z) : V (Λi+1)→ V (Λi)⊗ˆVz , (2.7)
where the superscripts i, i+ 1 should be interpreted as elements in Zn. Let us define the component of
the vertex operators Φ
(i,i+1)
j (z) as follows.
Φ(i,i+1)(z)|u〉 =
n−1∑
j=0
Φ
(i,i+1)
j (z)|u〉 ⊗ vj , for |u〉 ∈ V (Λi+1). (2.8)
The dual type-I vertex operator Φ∗(i+1,i)(z) is an intertwining operator of Uq(ŝln) defined by
Φ∗(i+1,i)(z) : V (Λi)⊗ Vz → Vˆ (Λi+1). (2.9)
Let us define the components of the dual vertex operators Φ
∗(i+1,i)
j (z) as follows.
Φ∗(i+1,i)(z)(|u〉 ⊗ vj) = Φ
∗(i+1,i)
j (z)|u〉, for |u〉 ∈ V (Λi). (2.10)
Let us summarize here the properties of the vertex operators:
Commutation relations The vertex operators satisfy the following commutation relation:
Φ
(i−2,i−1)
j2
(z2)Φ
(i−1,i)
j1
(z1) =
n−1∑
j′
1
,j′
2
=0
j′1+j
′
2=j1+j2
R(i)V V (z1/z2)
j′1,j
′
2
j1,j2
Φ
(i−2,i−1)
j′1
(z1)Φ
(i−1,i)
j′2
(z2). (2.11)
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Concerning other commutation relations (3.34), (3.36) and (3.42), see section 3.
Normalizations We adopt the following normalizations:
Φ(i,i+1)(z)|Λi+1〉 = |Λi〉 ⊗ vi + · · · , Φ
∗(i+1,i)(z)|Λi〉 ⊗ vi = |Λi+1〉+ · · · , (2.12)
where |Λi〉 is the highest weight vector of V (Λi).
Invertibility They satisfy the following inversion relation:
gnΦ
(i−1,i)
j (z)Φ
∗(i,i−1)
j (z) = id, (2.13)
where
gn =
(q2; q2n)∞
(q2n; q2n)∞
.
We define the normarized transfer matrix by
T
(i)
B (z) = gn
n−1∑
j=0
Φ
∗(i,i−1)
j (z
−1)K(i)(z)jjΦ
(i−1,i)
j (z), (2.14)
Let the space H(i) be the span of vectors |p〉 = ⊗∞k=1vp(k), where p : N→ Z/nZ satisfies the asymptotic
condition
p(k) = k + i ∈ Z/nZ, for k ≫ 1. (2.15)
As usual, the transfer matrix (2.14) and the Hamiltonian (1.1) are related by
d
dz
T
(i)
B (z)
∣∣∣∣
z=1
=
2q
1− q2
HB + const, for h =
r + 1
r − 1
×
1− q2
2q
. (2.16)
Note that the left hand side act on the space V (Λi) while the right hand side acts on the space H
(i).
Thus we can make the following identification:
V (Λi) ≃ H
(i). (2.17)
The boundary ground state and the dual boundary ground state are characterized by
T
(i)
B (z)|i〉B = |i〉B, (i = 0, · · · , n− 1), (2.18)
and
B〈i|T
(i)
B (z) = B〈i|, (i = 0, · · · , n− 1). (2.19)
Using the inversion relation, the eigenvalue problems (2.18) and (2.19) are reduced to
K(i)(z)jjΦ
(i−1,i)
j (z)|i〉B = Φ
(i−1,i)
j (z
−1)|i〉B, (2.20)
and
K(i)(z)jj B〈i|Φ
∗(i,i−1)
j (z
−1) = B〈i|Φ
∗(i,i−1)
j (z). (2.21)
The bosonizations of vertex operators are given in [15]. The bosonic formulae of the boundary vacuum
are given in [11]. For readers’ convenience we summarize the bosonizations of vertex operators in
Appendix A and the bosonic formula of the boundary vacuum in Apendix B.
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3 Boundary quantum Knizhnik-Zamolodchikov equations
The purpose of this section is to derive the q-difference equations for the correlation function of the
higher rank XXZ spin chain with a boundary magnetic field. For Uq(ŝl2) case [14], the said difference
equations are based on the duality relation of vertex operators
Φ∗ǫ (ζ) = Φ−ǫ(−q
−1ζ),
in addition to (2.11), (2.20) and (2.21). For n > 2 case, however, the dual vertex operator Φ∗j (z) is
written in terms of (n−1)-st determinant of Φj(z)’s. Thus it is not convenient to use the duality relation
for the present case.
For n > 2, we use the explicit formulae of the boundary states to derive the boundary quantum
Knizhnik-Zamolodchikov equations. In this section we establish the following simple relations:
Φ
∗(i+1,i)
j (q
nz)|i〉B = K
∗(i)(z)jjΦ
∗(i+1,i)
j (q
n/z)|i〉B, (j = 0, · · · , n− 1),
B〈i|Φ
(i,i+1)
j (1/(q
nz)) = K∗(i)(z)jj B〈i|Φ
(i,i+1)
j (z/q
n), (j = 0, · · · , n− 1),
(3.1)
where the functions K(i)∗(z)jj are given by (3.3), (3.11) and (3.18). The relations (3.1) in addition to the
commutation relations (2.11), (3.34), (3.36) and (3.42) imply the q-difference equations of the present
model.
3.1 Boundary state
In this subsection we use the symbols P ∗(z), Q∗(z), R−(z), S−(z), which are bosons defined in Appendix
A. See Appendix A as for the definitions.
Let us first consider consider “(C1) 0 ≦ L =M = i ≦ n−1′′-case. Let us show the following relation:
Φ
∗(i+1,i)
j (q
nz)|i〉B = K
∗(i)(z)jjΦ
∗(i+1,i)
j (q
n/z)|i〉B, (j = 0, · · · , n− 1), (3.2)
where
K∗(i)(z)jj =
ϕ∗(i)(z)
ϕ∗(i)(1/z)
×
 z2, (0 ≦ j ≦ L− 1 = i− 1),1, (i = L ≦ j ≦ n− 1), for (C1), (3.3)
and
ϕ∗(i)(z) = zδi,0
(q4nz2; q4n)∞
(q2n+2z2; q4n)∞
. (3.4)
Multiply the both sides of (3.2) by k
(i)
j (z)ϕ
∗(i)(1/z), where
k
(i)
j (z) =
 z−1, 0 ≦ j ≦ i− 1,1, i ≦ j ≦ n− 1. (3.5)
Then the RHS of (3.2) is obtained from the LHS by changing z → 1/z.
Bosonization formulae of P ∗(z), Q∗(z) and |i〉B imply the identity
eQ
∗(qnz)|i〉B =
(q2n+2z−2; q4n)∞
(q4nz−2; q4n)∞
eP
∗(qn/z)|i〉B. (3.6)
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By using this identity we have
ki0(z)ϕ
∗(i)(1/z)Φ
∗(i+1,i)
0 (q
nz)|i〉B = c
∗
0e
P∗(qnz)+P∗(qn/z)eΛ¯1 |i〉B, (3.7)
where c∗0 is some constant. The relation (3.2) with j = 0 follows form the fact that RHS of (3.7) is
symmetric under z → 1/z.
Invoking the bosonization of the dual vertex operators, we also have for j > 0 as follows:
k
(i)
j (z)ϕ
∗(i)(1/z)Φ
∗(i+1,i)
j (q
nz)|i〉B
= c∗j
∮
dw1
w1
· · ·
∮
dwj
wj
k
(i)
j (z)Int(z, w1, w2, · · · , wj)e
P∗(qnz)+P∗(qn/z)
× eR
−
1 (q
n+1w1)+R
−
1 (q
n+1/w1)+···+R
−
j
(qn+1wj)+R
−
j
(qn+1/wj)eΛ¯1 |i〉B,
(3.8)
where c∗j ’s are some constants. Here we set the integrand:
Int(w0, w1, · · · , wj) =
wj
∏j
k=1
{
(1− w−2k )w
−δk,i
k (1− qwk−1wk)
}
∏j
k=1D(wk−1, wk)
, (3.9)
where
D(w1, w2) = (1 − qw1w2)(1− qw1/w2)(1 − qw2/w1)(1− q/(w1w2)).
Thus the relation (3.2) with j > 0 follows from the identities∑
ǫ1=±,··· ,ǫj=±
{
k
(i)
j (z
−1)Int(z, wǫ11 , · · · , w
ǫj
j )− k
(i)
j (z)Int(z
−1, wǫ11 , · · · , w
ǫj
j )
}
= 0. (3.10)
Let us consider “(C2) 0 ≦ L = i < M ≦ n− 1′′-case. From the same arguments as for (C1), we have
K∗(i)(z)jj =
ϕ∗(i)(z)
ϕ∗(i)(1/z)
×

z2, (0 ≦ j ≦ L− 1),
1− qn−2M+2Lrz
1− qn−2M+2Lrz−1
, (L ≦ j ≦M − 1),
1, (M ≦ j ≦ n− 1),
for (C2), (3.11)
where we have set
ϕ∗(i)(z) = zδi,0
(q4nz2; q4n)∞(rq
nz; q2n)∞
(q2n+2z2; q4n)∞(rqn+2L−2M z; q2n)∞
. (3.12)
In this case the following relations are useful:
eQ
∗(qnz)|0〉B =
(rq3n−2M z−1; q2n)∞(q
2n+2z−2; q4n)∞
(rqnz−1; q2n)∞(q4nz−2; q4n)∞
eP
∗(qn/z)|0〉B, (3.13)
eQ
∗(qnz)|i〉B =
(rqn+2L−2Mz−1; q2n)∞(q
2n+2z−2; q4n)∞
(rqnz−1; q2n)∞(q4nz−2; q4n)∞
eP
∗(qn/z)|i〉B, (i ≧ 1), (3.14)
and
eS
−
j
(w)|i〉B = g
(i)
j (w)e
R−
j
(q2(n+1)/w)|i〉B, (3.15)
where
g
(0)
j (q
n+1w) =

(1− 1/w2)(1 − q−n+2M−L/(rw)), j = L,
(1− 1/w2)(1 − qn−Mr/w), j =M,
(1− 1/w2), j 6= L,M,
(3.16)
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and
g
(i)
j (q
n+1w) =

(1− 1/w2)
(1 − rqn−2M+L/w)
, j = L,
(1 − 1/w2)(1− qn−Mr/w), j =M,
(1− 1/w2), j 6= L,M,
(i ≧ 1). (3.17)
Let us consider “(C3) 0 ≦ L < M = i ≦ n− 1′′-case. Repeating the same procedure as in (C1), we
have
K∗(i)(z)jj =
ϕ∗(i)(z)
ϕ∗(i)(1/z)
×

z2, (0 ≦ j ≦ L− 1),
1− qn+2M−2Lr−1z
1− qn+2M−2Lr−1z−1
, (L ≦ j ≦M − 1),
1, (M ≦ j ≦ n− 1),
for (C3), (3.18)
where we set
ϕ∗(i)(z) =
(q4nz2; q4n)∞(r
−1qnz; q2n)∞
(q2n+2z2; q4n)∞(r−1qn+2M−2Lz; q2n)∞
. (3.19)
In this case the following relations are useful:
eQ
∗(qnz)|i〉B =
(r−1q2M−nz−1; q2n)∞(q
2n+2z−2; q4n)∞
(r−1qnz−1; q2n)∞(q4nz−2; q4n)∞
eP
∗(qn/z)|i〉B, (L = 0), (3.20)
eQ
∗(qnz)|i〉B =
(r−1q2M−2L+nz−1; q2n)∞(q
2n+2z−2; q4n)∞
(r−1qnz−1; q2n)∞(q4nz−2; q4n)∞
eP
∗(qn/z)|i〉B, (L ≧ 1), (3.21)
and
eS
−
j
(w)|i〉B = g
(i)
j (w)e
R−
j
(q2(n+1)/w)|i〉B, (3.22)
where
g
(i)
j (q
n+1w) =

(1 − 1/w2)(1 − q−n+2M−L/(rw)), j = L,
(1− 1/w2)
(1− qM−n/(rw))
, j =M,
(1− 1/w2), j 6= L,M,
(3.23)
3.2 Dual boundary state
From the same arguments as for the boundary state case, we can show the following relation:
B〈i|Φ
(i,i+1)
j (1/(q
nz)) = K∗(i)(z)jj B〈i|Φ
(i,i+1)
j (z/q
n). (3.24)
For each case the following relations are useful:
(C1)-case: 0 ≦ L =M = i ≦ n− 1
B〈i|e
P (z/qn) =
(q2n+2z2; q4n)∞
(q4nz2; q4n)∞
B〈i|e
Q(1/(qnz)),
B〈i|e
S−
j
(w) = g
∗(i)
j (w) B〈i|e
R−
j
(q2/w),
(3.25)
where
g
∗(i)
j (qw) = (1− w
2). (3.26)
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(C2)-case: 0 ≦ L = i < M ≦ n− 1
B〈i|e
P (z/qn) =
(q2n+2z2; q4n)∞(rq
n+2L−2Mz; q2n)∞
(q4nz2; q4n)∞(rqnz; q2n)∞
B〈i|e
Q(1/(qnz)),
B〈i|e
S−
j
(w) = g
∗(i)
j (w) B〈i|e
R−
j
(q2/w),
(3.27)
where
g
∗(0)
j (qw) =

(1 − w2)
(1− q−Lw/r)
, j = L,
(1 − w2)
(1− q2L−Mrw)
, j =M,
(1 − w2), j 6= L,M,
(3.28)
and
g
∗(i)
j (qw) =

(1 − w2)(1 − qLrw), j = L,
(1− w2)
(1 − q2L−Mrw)
, j =M,
(1− w2), j 6= L,M,
(i ≧ 1). (3.29)
(C3)-case: 0 ≦ L < M = i ≦ n− 1
B〈i|e
P (z/qn) =
(q2n+2z2; q4n)∞(q
n+2M−2Lr−1z; q2n)∞
(q4nz2; q4n)∞(qnr−1z; q2n)∞
B〈i|e
Q(1/(qnz))
B〈i|e
S−
j
(w) = g
∗(i)
j (w) B〈i|e
R−
j
(q2/w),
(3.30)
where
g
∗(i)
j (qw) =

(1− w2)
(1− q−Lw/r)
, j = L,
(1− w2)(1 − qM−2Lw/r), j =M,
(1− w2), j 6= L,M,
(3.31)
3.3 Correlation functions and difference equations
Let us consider the 2N -point correlation function:
G(i)(z1, · · · , zN |zN+1, · · · , z2N )
=
n−1∑
j1=0
· · ·
n−1∑
jN=0
n−1∑
jN+1=0
· · ·
n−1∑
j2N=0
v∗j1 ⊗ · · · ⊗ v
∗
jN ⊗ vjN+1 ⊗ · · · ⊗ vj2N (3.32)
× G(i)(z1, · · · , zN |zN+1, · · · , z2N )
j1···jN
jN+1···j2N
,
where
G(i)(z1, · · · , zN |zN+1, · · · , z2N )
j1···jN
jN+1···j2N
= B〈i|Φ
∗(i,i−1)
j1
(z1) · · ·Φ
∗(i−N+1,i−N)
jN
(zN )Φ
(i−N,i−N+1)
jN+1
(zN+1) · · ·Φ
(i−1,i)
j2N
(z2N )|i〉B. (3.33)
In order to derive q-difference equations, we use the commutation relations of vertex operators and the
action formulae of vertex operators to the boundary state. In what follows we assume that K∗(i)(z) is
a diagonal matrix whose diagonal elements are given by (3.3), (3.11) and (3.18).
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The commutation relations between vertex operators of different types are given as follows [16]:
Φ
(i,i+1)
j (z2)Φ
∗(i+1,i)
j (z1) =
n−1∑
k=0
R(i)V
∗V (z1/z2)
k,k
j,j Φ
∗(i,i−1)
k (z1)Φ
(i−1,i)
k (z2), (3.34)
Φ
(i,i+1)
k (z2)Φ
∗(i+1,i)
j (z1) = r
(i)V ∗V (z1/z2)Φ
∗(i,i−1)
j (z1)Φ
(i−1,i)
k (z2), (j 6= k), (3.35)
and
Φ
∗(i,i−1)
j (z2)Φ
(i−1,i)
j (z1) =
n−1∑
k=0
R(i)V V
∗
(z1/z2)
k,k
j,j Φ
(i,i+1)
k (z1)Φ
∗(i+1,i)
k (z2), (3.36)
Φ
∗(i,i−1)
k (z2)Φ
(i−1,i)
j (z1) = r
(i)V V ∗(z1/z2)Φ
(i,i+1)
j (z1)Φ
∗(i+1,i)
k (z2), (j 6= k). (3.37)
Here the nonzero components are
R(i)V
∗V (z)k,kj,j = r
(i)V ∗V (z)×

b(z), j = k,
c(z), j > k,
zc(z), j < k,
(3.38)
and
R(i)V V
∗
(z)k,kj,j = r
(i)V V ∗(z)×

b(q2nz), j = k,
q2nzc(q2nz)q2(k−j), j > k,
c(q2nz)q2(k−j), j < k,
(3.39)
where
r(i)V
∗V (z) = −qz−δi,0
(z; q2n)∞(q
2n+2z−1; q2n)∞
(q2z; q2n)∞(q2nz−1; q2n)∞
, (3.40)
r(i)V V
∗
(z) = −q−1z−δi,0
(q2nz; q2n)∞(q
2z−1; q2n)∞
(q2n+2z; q2n)∞(z−1; q2n)∞
. (3.41)
The commutation relations between the dual vertex operators are given as
Φ
∗(i+2,i+1)
j2
(z2)Φ
∗(i+1,i)
j1
(z1) =
n−1∑
k1,k2=0
k1+k2=j1+j2
R(i)V
∗V ∗(z1/z2)
k1,k2
j1,j2
Φ
∗(i+2,i+1)
k1
(z1)Φ
∗(i+1,i)
k2
(z2). (3.42)
Here the nonzero components are
R(i)V
∗V ∗(z1/z2)
k1,k2
j1,j2
= r(i)V
∗V ∗(z)×

1, j1 = j2 = k1 = k2,
b(q2z), j1 = k1 6= j2 = k2,
−qzc(q2), j1 = k2 < j2 = k1,
−qc(q2), j1 = k2 > j2 = k1,
(3.43)
where
r(i)V
∗V ∗(z) = r(i)V V (z). (3.44)
Now we are in a position to derive boundary quantum Knizhnik-Zamolodchikov equations, which
is a version of Cherednik’s equation [17]. From the commutation relations (2.11), (3.34), (3.36), (3.42)
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and the boundary state ideitities (3.1) we obtain the following q-difference equations:
G(i)(z1 · · · q
−2nzj · · · zN |zN+1 · · · z2N )
= RV
∗V ∗
jj−1 (zj/(q
2nzj−1)) · · ·R
V ∗V ∗
j1 (zj/(q
2nz1))K
(i)
j (zj/q
2n)
× RV
∗V ∗
1j (z1zj/q
2n) · · ·RV
∗V ∗
j−1j (zj−1zj/q
2n)RV
∗V ∗
j+1j (zj+1zj/q
2n) · · ·RV
∗V ∗
Nj (zNzj/q
2n) (3.45)
× RV V
∗
N+1j(zN+1zj/q
2n) · · ·RV V
∗
2Nj (z2Nzj/q
2n)K
∗(i)
j (q
n/zj)R
V ∗V
j2N (zj/z2N) · · ·R
V ∗V
jN (zj/zN)
× RV
∗V ∗
jN+1(zj/zN+1) · · ·R
V ∗V ∗
jj+1 (zj/zj+1)G
(i)(z1 · · · zN |zN+1 · · · z2N),
and
G(i)(z1 · · · zN |zN+1 · · · q
−2nzj · · · z2N)
= RV Vjj−1(zj/(q
2nzj−1)) · · ·R
V V
jN+1(zj/(q
2nzN+1))R
V V ∗
jN (zj/(q
2nzN )) · · ·R
V V ∗
j1 (zj/(q
2nz1))
× K
∗(i)
j (q
n/zj)R
V ∗V
1j (z1zj) · · ·R
V ∗V
Nj (zNzj)R
V V
N+1j(zN+1zj) · · ·R
V V
j−1j(zj−1zj) (3.46)
× RV Vj+1j(zj+1zj) · · ·R
V V
2Nj(z2Nzj)K
(i)
j (zj)
× RV Vj2N (zj/z2N) · · ·R
V V
jj+1(zj/zj+1)G
(i)(z1 · · · zN |zN+1 · · · z2N ).
Here the coefficient matrces are given by (2.2),(2.4),(3.3), (3.11),(3.18),(3.38), (3.39) and (3.43).
For N = 1, the equations (3.45) and (3.46) are as follows:
G(i)(q−2nz1|z2) = K
(i)
1 (z1/q
2n)RV V
∗
21 (z2z1/q
2n)K
∗(i)
1 (q
n/z1)R
V ∗V
12 (z1/z2)G
(i)(z1|z2), (3.47)
G(i)(z1|q
−2nz2) = R
V V ∗
21 (z2/(q
2nz1))K
∗(i)
2 (q
n/z2)R
V ∗V
12 (z1z2)K
(i)
2 (z2)G
(i)(z1|z2). (3.48)
4 Two point functions
The purpose of this section is to perform explicit calculations of two point functions for free boundary
condition. In what follows we consider the case i = L = M = 0 and N = 1. In this case the boundary
K-matrices K(0)(z) and K∗(0)(z) become scalar matrices, i.e.
K(0)(z) =
ϕ(0)(z)
ϕ(0)(z−1)
× id, K∗(0)(z) =
ϕ∗(0)(z)
ϕ∗(0)(z−1)
× id.
The boundary quantum Knizhnik-Zamolodchikov equations thus reduces to:
G(0)(q−2nz1|z2) =
ϕ(0)(z1/q
2n)
ϕ(0)(q2n/z1)
ϕ∗(0)(qn/z1)
ϕ∗(0)(z1/qn)
RV V
∗
21 (z2z1/q
2n)RV
∗V
12 (z1/z2)G
(0)(z1|z2), (4.1)
G(0)(z1|q
−2nz2) =
ϕ(0)(z2)
ϕ(0)(1/z2)
ϕ∗(0)(qn/z2)
ϕ∗(0)(z2/qn)
RV V
∗
21 (z2/(q
2nz1))R
V ∗V
12 (z1z2)G
(0)(z1|z2). (4.2)
Let us now introduce the scalar function r(z1|z2) by
r(z1|z2) = A(z1)A(q
nz2)B(z1z2)B(z1/z2), (4.3)
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where
A(z) =
(q2n+2z2; q2n, q4n)∞(q
4n+2/z2; q2n, q4n)∞
(q4nz2; q2n, q4n)∞(q6n/z2; q2n, q4n)∞
, (4.4)
B(z) =
(q2nz; q2n, q2n)∞(q
2n/z; q2n, q2n)∞
(q2n+2z; q2n, q2n)∞(q2n+2/z; q2n, q2n)∞
. (4.5)
Note that the function r(z1|z2) satisfies
r(q−2nz1|z2) = q
−2nz21r
V V ∗(z1z2/q
2n)rV
∗V (z1/z2)
ϕ(0)(z1/q
2n)
ϕ(0)(q2n/z1)
ϕ∗(0)(qn/z1)
ϕ∗(0)(z1/qn)
× r(z1|z2), (4.6)
r(z1|q
−2nz2) = q
−2nz22r
V V ∗(z2/(q
2nz1))r
V ∗V (z1z2)
ϕ(0)(z2)
ϕ(0)(1/z2)
ϕ∗(0)(qn/z2)
ϕ∗(0)(z2/qn)
× r(z1|z2). (4.7)
Let G¯(z1|z2)j be the auxiliary function defined by
G¯(z1|z2)j = r(z1|z2)
−1G(0)(z1|z2)
j
j . (4.8)
Then we have
n−1∑
j=0
G¯(q−2nz1|z2)j =
1− q2n/(z1z2)
1− z1z2
1− q2nz2/z1
1− z1/z2
n−1∑
j=0
G¯(z1|z2)j , (4.9)
n−1∑
j=0
G¯(z1|q
−2nz2)j =
1− q2n/(z1z2)
1− z1z2
1− q2nz1/z2
1− z2/z1
n−1∑
j=0
G¯(z1|z2)j . (4.10)
From these we obtain
n−1∑
j=0
B〈0|Φ
∗(0,1)
j (z1)Φ
(1,0)
j (z2)|0〉B = c0 r(z1|z2)× (4.11)
×
{
(q2nz1/z2; q
2n)∞(q
2nz2/z1; q
2n)∞(q
2nz1z2; q
2n)∞(q
2n/(z1z2); q
2n)∞
}−1
,
where c0 is a constant independent of spectral parameters z1, z2. By specializing the spectral parameters
z1 = z2, we have
c0 = gn
−1 × B〈0|0〉B ×
{
(q2n+2; q2n, q2n)∞
(q4n; q2n, q2n)∞
}2
, (4.12)
where the norm B〈0|0〉B is given as follows [11]
B〈0|0〉B =
1√
(q4n; q4n)∞
n−1∏
j=1
{√
(q4n+2−2j ; q4n)∞(q4n−2−2j ; q4n)∞
(q4n−2j ; q4n)∞
}j(n−j)
.
Let ω satisfy ωn = 1 and ω 6= 1. Then we have
n−1∑
j=0
(q2ω)jG¯(q−2nz1|z2)j = q
2nz−21
n−1∑
j=0
(q2ω)jG¯(z1|z2)j , (4.13)
n−1∑
j=0
(q2ω)jG¯(z1|q
−2nz2)j = q
2nz−22
n−1∑
j=0
(q2ω)jG¯(z1|z2)j . (4.14)
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From these we obtain
n−1∑
j=0
(q2ωk)j B〈0|Φ
∗(0,1)
j (z1)Φ
(1,0)
j (z2)|0〉B
= ck r(z1|z2)× {(−q
2nz21 ; q
4n)∞(−q
2n/z21 ; q
4n)∞(−q
2nz22 ; q
4n)∞(−q
2n/z22 ; q
4n)∞}
−1. (4.15)
Here ck are constants independent of spectral parameters z1, z2.
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A Bosonization of vertex operators in Uq(ŝln)
For readers’ convenience, we summarize the results of bosonizations of the vertex operators [15].
Let C[P¯ ] be the C-algebra generated by the symbols {eα2 , · · · , eαn−1 , eΛ¯n−1} which satisfy the fol-
lowing defining relations:
eαieαj = (−1)(αi|αj)eαjeαi , (2 ≦ i, j ≦ n− 1),
eαieΛ¯n−1 = (−1)δi,n−1eΛ¯n−1eαi , (2 ≦ i ≦ n− 1).
For α = m2α2 + · · · + mn−1αn−1 + mnΛ¯n−1, we denote e
m2α2 · · · emn−1αn−1emnΛ¯n−1 by eα. Let
((αs|αt))1≦s,t≦n−1 stand for the A-type Catran matrix whose matrix element (αs|αt) is an integer.
Let C[Q¯] be the C-subalgebra of C[P¯ ] generated by the symbols {eα1 , · · · , eαn−1} which satisfy the
following defining relations:
eαieαj = (−1)(αi|αj)eαjeαi , (1 ≦ i, j ≦ n− 1).
Note that
α1 = −
n−1∑
r=2
rαr + nΛ¯n−1, Λ¯i = −
n−1∑
r=i+1
(r − i)αr + (n− i)Λ¯n−1.
Let us consider the C-algebra generated by the bosons as(k) (s ∈ {1, · · · , n−1}, k ∈ Z) which satisfy
the following defining relations:
[as(k), at(l)] = δk+l,0
[(αs|αt)k][k]
k
.
The highset weight module V (Λi) is realized as
V (Λi) = C[as(−k), (s ∈ {1, · · · , n− 1}, k ∈ Z ≧ 0)]⊗ C[Q¯]e
Λ¯i .
We consider C[Q¯]eΛ¯i as a subspace of C[P¯ ]. Here the actions of the operators as(k), ∂α, e
α on V (Λi) are
defined as follows:
as(k)f ⊗ e
β =
 as(k)f ⊗ eβ , (k < 0),[as(k), f ]⊗ eβ, (k > 0),
12
∂αf ⊗ e
β = (α|β)f ⊗ eβ.
eαf ⊗ eβ = f ⊗ eαeβ .
The inner product is explicitly given as follows:
(αi|Λ¯j) = δi,j , (Λ¯i|Λ¯j) =
i(n− j)
n
, (1 ≦ i ≦ j ≦ n− 1).
Φ
(i,i+1)
n−1 (z) = e
P (z)eQ(z)eΛ¯n−1(qn+1z)
∂Λ¯n−1+
n−i−1
n (−1)(∂Λ¯1−
n−i−1
n
)(n−1)+ 12 (n−i)(n−i−1),
Φ
∗(i+1,i)
0 (z) = e
P∗(z)eQ
∗(z)eΛ¯1((−1)n−1qz)∂Λ¯1+
i
n qi(−1)in+
1
2 i(i+1),
Φ
(i−1i)
j (z) = cj
∮
· · ·
∮
Cj
dwj+1
2piiwj+1
· · ·
dwn−1
2piiwn−1
wj+1
z
1
(1− qwn−1/z)(1− qz/wn−1)
×
1
(1− qwn−1/wn−2)(1 − qwn−2/wn−1) · · · (1− qwj+2/wj+1)(1 − qwj+1/wj+2)
× : Φ
(i−1i)
n−1 (z)X
−
n−1(q
n+1wn−1) · · ·X
−
j+1(q
n+1wj+1) :, (A.1)
and
Φ
∗(ii+1)
j (z) = c
∗
j
∮
· · ·
∮
C∗
j
dw1
2piiw1
· · ·
dwj
2piiwj
wj
z
1
(1− qz/w1) (1− qw1/z)
×
1
(1− qw1/w2)(1− qw2/w1) · · · (1− qwj−1/wj)(1− qwj/wj−1)
× : Φ
∗(ii+1)
0 (z)X
−
1 (qw1) · · ·X
−
j (qwj) :, (A.2)
where cj , c
∗
j are appropriate constants. The contours Cj , C
∗
j encircle wl = 0 anti-clockwise in such a
way that
Cj : |q| < |wn−1/z| < |q
−1|, |q| < |wl/wl+1| < |q
−1|, (l = j + 1, · · · , n− 2),
C∗j : |q| < |w1/z| < |q
−1|, |q| < |wl+1/wl| < |q
−1|, (l = 1, · · · , j − 1).
Here we have used
X−j (w) = e
R−
j
(w)eS
−
j
(w)e−αjw−∂αj ,
P (z) =
∞∑
k=1
a∗n−1(−k)q
2n+3
2 kzk, Q(z) =
∞∑
k=1
a∗n−1(k)q
− 2n+12 kz−k,
P ∗(z) =
∞∑
k=1
a∗1(−k)q
3
2kzk, Q∗(z) =
∞∑
k=1
a∗1(k)q
− 12 kz−k,
R−j (w) = −
∞∑
k=1
aj(−k)
[k]
q
k
2wk, S−j (w) =
∞∑
k=1
aj(k)
[k]
q
k
2w−k,
a∗n−1(k) =
n−1∑
l=1
−[lk]
[k][nk]
al(k), a
∗
1(k) =
n−1∑
l=1
−[(n− l)k]
[k][nk]
al(k).
[aj(k), a
∗
n−1(−k)] = δj,n−1
[k]
k
, [aj(k), a
∗
1(−k)] = δj,1
[k]
k
.
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B Bosonization of the boundary vacuum states
For readers’ convenience we summarize the bosonic formulae of the boundary vacuum [11]. Let us set
the symmetric matrix as
Iˆs,t(k) =

0, (st = 0),
[sk][(n−t)k]
[k]2[nk] , (1 ≦ s ≦ t ≦ n− 1),
[tk][(n−s)k]
[k]2[nk] , (1 ≦ t ≦ s ≦ n− 1).
(B.1)
Let us consider the C-algebra generated by the bosons as(k) (s ∈ {1, · · · , n − 1}, k ∈ Z) which satisfy
the following defining relations:
[as(k), at(l)] = δk+l,0
[(αs|αt)k][k]
k
,
where I(αs|αt) is an element of A-type Cartan matrix.
The boundary state has the form
|i〉B = e
Fi |i〉, Fi =
n−1∑
s,t=1
∞∑
k=1
αs,t(k)as(−k)at(−k) +
n−1∑
s=1
∞∑
k=1
β(i)s (k)as(−k).
Here the coefficients of the quadratic part are given by
αs,t(k) =
−kq2(n+1)k
2[k]
× Iˆs,t(k), (B.2)
and those of the linear part are given by
β
(i)
j (k) = (q
(n+3/2)k − q(n+1/2)k)θk
n−1∑
s=1
Iˆj,s(k) (B.3)
+

0, (C1),
Iˆj,L(k)q
(2n−2M+L+1/2)krk − Iˆj,M (k)q
(2n−M+1/2)krk, (C2),
−Iˆj,L(k)q
(2M−L+1/2)kr−k + Iˆj,M (k)q
(M+1/2)kr−k, (C3),
(B.4)
where
θk =
 0, k is odd,1, k is even.
The dual boundary state has the form
B〈i| = 〈i|e
Gi, Gi =
n−1∑
s,t=1
∞∑
k=1
γs,t(k)as(k)at(k) +
n−1∑
s=1
∞∑
k=1
δ(i)s (k)as(k). (B.5)
Here the coefficients of the quadratic part are given by
γs,t(k) =
−kq−2k
2[k]
× Iˆs,t(k), (B.6)
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and those of the linear part are given by
δ
(i)
j (k) = −(q
−k/2 − q−3k/2)θk
n−1∑
s=1
Iˆj,s(k) (B.7)
+

0, (C1),
q(L−3/2)krk Iˆj,L(k)− q
(2L−M−3/2)krk Iˆj,M (k), (C2),
−q(−L−3/2)kr−k Iˆj,L(k) + q
(M−2L−3/2)kr−k Iˆj,M (k), (C3).
(B.8)
References
[1] Frenkel I B and Reshetikhin N Y: Quantum affine algebras and holonomic difference equations,
Commun. Math. Phys. 146, 1-60, (1992).
[2] Smirnov, F A: Dynamical Symmetries of Massive Integrable Models 1: Int. J. Mod. Phys. 7A,
Suppl. 1B (1992) 813-837; 2: ibid. 839-858.
[3] Jimbo M and Miwa T: 1994, Algebraic analysis of solvable lattice models, CBMS Regional Confer-
ences Series in Mathematics.
[4] Smirnov F A: Form Factors in Completely Integrable Models of Quantum Field Theory, World
Scientific, Singapore, 1992.
[5] Jimbo M, Miwa T and Nakayashiki A: Difference equations for the correlation functions of the
eight-vertex model, J. Phys.A26, 2199-2209, (1993),
[6] Sklyanin E K: Boundary conditions for integrable quantum systems, J. Phys.A21, 2375-2389,
(1988).
[7] Ghoshal S and Zamolodchikov A: Boundary S-matrix and boundary state in two dimensianal inte-
grable quantum field theory, Int. J. Mod. Phys. A9, 3841-3886 ; Erratum ibid. 4353, (1994).
[8] Jimbo M, Kedem R, Kojima T, Konno H and Miwa T: XXZ chain with a boundary, Nucl. Phys.B
[FS], 437-470, (1995).
[9] Miwa T and Weston R: Boundary ABF Models, Nucl. Phys.B [PM], 517-545, (1997).
[10] Hou B Y, Shi K J, Wang Y S and Yang W L: Bosonization of quantum sine-Gordon field with
boundary, Int. J. Mod. Phys.A12, 1711-1741, (1997).
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